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Abstract. Simple models for lensing potentials that successfully repro-
duce the positions of quadruple images to high accuracy fail abysmally in
reproducing the flux ratios of the multiple images, suggesting the presence
of small scale structure within the lensing galaxies. It has been argued
that the flux ratio anomalies observed at radio wavelengths signal the
presence of CDM mini-halos. We argue that at least some of the anoma-
lies observed at optical wavelengths result from micro-lensing by stars.
This model succeeds in explaining observed asymmetry between minima
and saddle-points of the light travel time only if a substantial fraction of
the projected mass is in a smooth, dark component.
1. Flux Ratio Anomalies?
There is a theorem in gravitational lensing that says, under certain circum-
stances,1 a close pair of images in a quadruple system will be both bright and of
equal brightness (e.g. Gaudi and Petters 2002). The archetype of such systems,
PG1115+080 (Weymann et al. 1980), has a pair of bright images separated by
0.′′48.
But as is often the case, the archetype turns out not to be archetypical.
Zhao and Metcalf (2002) have examined a range of “reasonable” models for
PG1115 and find that the rms magnitude difference for the A1 and A2 (figure 1)
images ought to be roughly 10%. The observed difference appears to have varied
with time, having ranged from 5-50% (Vanderriest et al. 1986; Kristian et al.
1993; Courbin et al. 1997; Iwamuro et al 2000), well outside the range allowed
by the models. One might argue that the combination of intrinsic variability
and gravitational time delay could produce the observed differences, but the
predicted differential time delay between A1 and A2 is of order one day and the
quasar varies much more slowly (Schechter et al. 1997).
Other quads with similar configurations have the same problem, only worse.
MG0414+0534 has a I-filter magnitude difference A1 − A2 = 0.9 (Schechter
and Moore 1993). By contrast the radio flux ratio (Moore and Hewitt 1977),
1The separation between images must be small compared to the displacement of the images
from the galaxy and the gravitational potential must be smooth on the scale of the image
separation. The theorem is then a direct consequence of expanding the light travel time as a
power series in the neighborhood of a critical curve, keeping terms up to third order in distance
from the critical curve.
1
2
S
ch
ec
h
te
r
ieeeeeefeeeeeeeeeeeeeeeeeeeeegeeeeefeeeeeeeeeeeeeeeeeeefeeeefeefeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeffeeefeeeeeeeeeeeeeeeeeeeeeeeffeeeeeeefeeeeeeeeeefefefeeeeeeeegeeeeeeeefeeefeeeeeeei``
gabaabababaabbabababababaabbaaabababaaba``b`aa``aababbb`bababaaabababbababbaaababbbababab````abaaabba`babaabbababababbbababaabbbaaababababaababa`aabaaabaababababb`abbaababaaabaaabbbabf``
fbbaaa`aaabbaba`abbabbabb````baababababaababb`abaabb`aabbabbabaabbab`baab`abaa`babab```a`babbaabaaa`bababaabaabaabaaababababaa`bbbabbab``aab`aa`baaabaaabba`bb``baba`aaa`bacaaabba``aaag``
f``babaaba``aa`b``````abbabbaababaaaabaaabb`bbabab``aba`b``bbaaaa`a`aaa`ababbca```bbabbaaababa`aabababaacbabaabab`aabababa``aaa`a`a``abab`abaa`babaa`abbaaaa``abaabaaaaaba``aabbbaabaabf``
fbb`aabba`bab`babbabbaa``abababa`aab`baba`aaabbababbabab`ab`abaabb`baaaba`a```abab``ababbaaababaaabbaaaa`aaaabababaa``b`babbaabbaaaaba`abbaabbaababbaaa`aaabababaababba`aabb`b````ababae``
fbaababbabababbabaababbabbabbaaabaaba``aabaabaab``babbaabbbba``baabbab`babbabaababbaababbabababbba`aaaaaba`aaa``aabaaa`a``babaabbaaabaababb``bbaaaa`babaab`baabaaba`aabbabbaa`abbbaa`abf``
ebaaba`aabaaaabb`abbabababa```baaba`ababababa`aaab``b`aabba`bbabababababababaaabaaaba`````baa`b`abbaab``bbab`abaaabbbbabbaababa``aabaaaba`aab`ab`aaabaababbaabbba``baabaabababababb`baag``
gaab`ab`a`aab``baa``a`aaa`abaa`aabbbbabbaabb`b`abbaabaa````a`abaaa`abaab```aabaaabbbaabbab`bab`aa`abababaabababbaa`ababbabababababaabaabaabaaaabaaabababaa`abab`abbaaa`aa`aabaaa``aabaaf``
eab`b`abababaab`aabaaa`aaaaabbbba``abaabba``abaaabbb`bbabababaab`aaa`aabaababbaab``aababbba`abbaababaaabaabaabbababaaababbb`a``abbaba`baaababbaaaaaba``ba`bab``a`ababbb`aba`aababaabbbaf``
fa`aacaabab`babaabacababaabaabbabaaabb````bbabbaba`bb`aababaaaaababbaabaaaaba`abbaaaabbaa`baa`bbabaabaaba``baa``ababba`````bbabb`abababaaaabbababaabaab`abaabaabaaaababbabaabab`baaababg``
fbbaaabba`bbaaabba``bbbababaaa`babab``babababbabbab`abaabbabbbababaaababaabb`b```abab``aab`bba`ab`babacabababbabba`aabaabababbabbaa``abbaaa```abbababbbb`bbabababaaa`a`babaabb`ababa```e``
gaaab``bab`aaa`babbb``babababab``aabaaaabaaa``````abacaa``aaaaabbabaabbaaaabbabbbabaabaaabaabaababb`b``abab```b`bababaabbaba```bab`bbaa`aaabab`aabb``abbbabaaabababaaab`babab`aaba`abaag``
gaaabbb``ababaab``baabab`aab`aabbaabbbabababbabaabaaa`acabaaaaaa`abab`aaba```babbabaabbaabaabaaa`b`a`bb``aababbababa``babaabaab``baabbaabaababb`a``aba```b`aaaaaab`bbaab``aaaabaaabababf``
gaaabaabbabaabababaabaa`a`a`aaaabaa``abaab`aabbababaaaa`babaaaabba```ababbabbab```bbababbabaababbabaababababababbababbaabb``ababaabbabaabbbababbabaabbbab`aaaaaa`aa`bba`bbaaaabaaababbbf``
gaabaababaababaaaabaa`babbabaaabaababaab``ababaaabbaaaab`aabaababbababa``aabba`aba````baa``aaaaba`aaab`aaababaa``a``acaaa`aabbabba`ba`aab`abbabbabbba``babbaba`bb`aaaaaaabbaababbbaa```e``
e`abab``aaaab`abaab`aababbaabab`baabbaaaababababaa`ababbbaaabb``b`abababa`ba``abbaabbb``aabaaabaabaaabaaabaa`abaabab``ababaabab`aba``aaa`aa`````ba`a`babababababababababaabbaba``bacaabf``
faab``babaaa`babba`babaabbaababa`aabbab`baaaa`ab`aaaaaaa`bab`aab`baabbabbaababababaababbaabaaba`aabbabaaaba`baabababbabaaabababa``babbbbab`bbbab`aaaaba`a`bbaabababbaaaab````abaaa``abbf``
fbababababaabaa``abab``a``aaa`bbbaa``aaaabaaabaababbabaaaaaabaaabab```baaca`abb`bbbbabaababaababbab`baaaaaabaa`baaabab`baaba`a`bababaabbbabababbaaabababaaaababaa`abaabbaabbaaabaabababf``
gb``aabbaabbbabab`baabbabababab`ababb`aababa`bab`babbababaabababababab``aaabaabaa`a``abbaabaab`babab``baabbabaabbb``aab`baa`baaababaaba``babaa`babbabaaabb`a`a`abb```aa``baabbaab`baba`f``
e`baab``aaaaa`aabbababbabbab`a`b`baaabababbbbaaabaa`abaaaba`a`a`ba`bbabaaaaabaaaabaaaa``bbbaaba`bbaabbabababbbababababbaaaaababaab`bb`abaaab`aaaaabab`aaaabac`b`aacbabbabababaaabbaabaaf``
gb`babbaa`aa`baabaaab`aaa`bbaaaab`aababa````abaaaabaa`aab`bbabababa`babbabaabaaaababaabba``ababa```aaababa```baaaabbb``b`baaabaabaa``aaabaa`aababaab`aabaabbababaa`bababbba``aab``aa`abf``
fababa`babaabbaabaaa`aabab``aaabab`baa`babbb``aa`a`babaaba`babbab`abaaa`abaaa`aaaababababab`babaabbababbabbab`aba``abababaaaabaabbabbabbabbaababa`a`bbabab````babaaaaa``babababababaaa`g``
fbab`ababaabbabaaaaaabaa`babbaabaabaabaababacaabaababaababa`a`bbaaabbaaaaabbaabaabbababaaabaa`aababba`````babb``babaaaab`babaab```aaabbab`baaab``baa`baaababababaabbaaba`a`abaabaabbabag``
fa``baaaabba```abaabbaaabbabbabbabbaabaaba`a`aabbabababa``bbaa```baab`baab``abbab``aaa``aabababaabaaaabbbaaa`bababaa`baababaabaabbaab``aaa`baababaabbb``aabaabaa`abaababbaaabaabbabaabae``
f`bbaab`a`aaabaa`babacabaaa`aba``aaba`baaaaababaabaa``ababababbababa`ababbaabaababba`aaaba`a`bbababaabaabaabbabababbbabbabacaaabbaba`baaaababbaaababbaaabababaaaab``baababbaaba`aababbbf``
fbbababaaba`babbbabaa`abbb`ba`bbba`abaaabbabababaabaaba`ababababaaa`bbaa``aaab`b`aaabababbbaaabbaaab`baaabb`abbaa`bbabaa``a`ab`baab`baabbabba`aaab````abba`ababaabba`aabbaabab`aa```a``f``
fababbababacabaabaaa`aa```aaba`abbbaabaa`abaaaaaaaababaabaa``ababaabaabababaaba`aaaaabbababbaa``a`a`abaabaaba`abab```babbaabaabaab`abaaabbaaabaaabaabbababaa`a`babbbbaa``aaba`abbabaaaaf``
fb````aaa`abaaba``a`babbabababaaa`abaabbaaa`aaaabaaaababababaaaabababaababbaababaababbab`a`abbababbab`bababbab`aaabaaba`abababba``abaabb```a`aabababababaabab`baa``aababaa``baababbabbaf``
e`aababaaaa`aa``bbababababaabaabaaa`ca`abaaabaa`a`babaabababb`aaab`babbbababa`aaabbbaaaaaaaabababababaaabb```aba`abba`aababaa`ababaabaaabbaababababbabb`a`bbabbaabaab`bbbbab`aabababbabf``
fbaabb`abbabaabbbaabbaabbabaaaa`aaba``b`bbbaabaabaab`aabb``abbaaa`aaa````abbabaabaa`a`abbbab```bbababaaa``bbbaabababbbbab`aababbababaaa``cabaaa`ba`````aba`babbaabab`a`abbababa`ba```abf``
faaabacaaabababbabaabab```bbaabbaacabaaba`ababaaabaaaa``aabaababaaabaabba```aababaabaab``caabba``baababbababbababa`a`bbaaba`baa`aabbababb`abbaab`aababbabba`a``abaabbaaa``aababb`aabb``e``
fabb```baaa`ba``baba`a`abb``aababb`abaabbaaabbaabbaaababaaba``bbaabaababbbbaaaaba`babbaba`aaabbabaa``bbaabab`abbbbaaa``ba`bb`babaa`a`aabbaaabababbababababab`bb``bbaabababaabbabbbabbabf``
faabbab``baba`baa`a`aababbabbab`abaa`aaaaaba``aabbaabbbabababaaaaabbaba``babba`b`baabbaabbaab`abaa`ba``aab``aa```acabab`bbabb`aaa`aaaba``baa`babaababaaba`bbbabab``abbabbba```aa`abababf``
fbaaaabbabababbabbaab`ab``baba`aa`ababaaaaabbbaaa``ba`aabb`aabaaaab`ababa`bbabb`abaa``aa`bababb`aababbb`abaababbaa`aabba``b`abbababbababb`aca`abbaababa``b``babbbbb````aa`babbaaaaa```bf``
fb`babbaaba`abba`ababbabbb`aaaba`bababa`baa`bababab`bb`ba`abaaabab`b`a`abb`bababababbaaaa`bb`bba`bbabbababbaababababababaabb`bbbabaabaaabaa`aba``aa````bbaba``abaabbabaa`baabbaabaabaabf``
faaab``abaaa``aab`ababb``abaabbabaababbbaa`b``baabababa`aaababbaaab`baababaa``bbababaaabba`ab``abaabababbbabababbabaabb`baa`a``abaabbaa`babababbaa`abbabbababaa``a`babaabaabb`bbabaaaabe``
fabababa`ababba`bb`baabaaabb``bbbbaa`b`abbabba`a`bbabbabbaaaba```babaabaa`a`ba``a`baaabbacaabababab``a```abaaba``aabb``aabababaaaab``baa`aab`aabbabbabab`bababababaabababba``a``a`ababaf``
fabaaaacb`babbabbaaa`a`aababba``aab`b`ababbababbaa`ab`ababaaa`babababababaababab`b``baa```aaabaab``abaabaa`aabaaaa`ababbaabbabbba`abababb`cabababbabababa``aabbabaaa`abba`ababbabbaabaag``
fb``aaa`bbaaabbabbaacaaaba``ababa`baabb`a`b``bbabbaa`baabbbabaabbabbaabb`babababbabbbaaababaababbabababbbbaa`baaabb`ababa``abaaaabb`abacab`aab``````b`a`ababab`aabbaaa``aaaababa`bbaabae``
fabababaa`baa`````aaaaabbacaaaaabaacaaabab`ab```babbaaa````babaaba``abaabab`abababababababab``bbabbababb`ababbaababaa`babbababaaaaaca```abbabbbbabab`aabaaba``b`babbbabababaababa`abaaaf``
f`aaab`aabababbbaabaaabaababaababba`abababbaaabb``aabababab`acaaa`baa``aababa`a`baaabaabbabbab``a`baba``aaaababaabbbabaaababa`aaaba`bbaba``a`aaacababababaabbabb```baabbabbaa`aaaba`aabf``
fbabababaab`aaaaabbabbaba`aacaa`a``ba``aabaaaabbbbaabaabababa`aaabababbaaaabaaab``aa`bb```a`abab`b``b`abbabaaabaaa``baa`aaabaabaaaab`bbabbaaabaa`babababbababbababaa`aababbaab`ababba`bf``
fabbabbaba`baaabaab``ba``b`a`aababababaa`baabb`bbabaabaabababbabaaababbabaabaabaabbaa``bbaaaabbbabba`ababaabaa`ababa`bbbaba``abaab`ab`aaabaaaaaaa`aabab```aba`babba`b`aba``babbabab`babf``
fbba``baaaabaabaabababababbaaaabababababa`aabba`aaaab`aaaa````b`aaaaba`abaa`baabbababaababaab`aabababbaabaabaabbababaaaabaabababababbaa`aabbaaabaaaa`aaabaa``ba`aabbbb```aaa`ababb`aaaaf``
g```aba`aabaaaaab`aba``babbabbaaaaaaababbaba`abab`aabaaaa`bbababbaabaaaa`aabaaab`aaabbabababbaaaabaababbabbaababaaabaaaaabbabaababbb`aabaa``bbaabbaaaa`bababaaaaaa`aababbababa`a``ab`bae``
ebababababababa`aaaaabaab``b``bbaabaab`abbaaaaabbbaaaababbababaabbaba`bab`bbaaaabaaababababbaba`babaaaaaa`bbaaab`aabaabaaa`ababababbbababbabbaabababbbababababbbbaba`bbababaabbaabaababf``
faabababaa`bbababaabbbaabaaaabaabababaa`ababaaa``abba`babbabba`aaab`abaabaabaababaaa`a`abaa`aababa`baab`ba```ababaa`aaabaaaaba`a`````babbaba`ababbabbabbabaababaabbaa`bbabaabbbababaaaag``
gabbaaaaaab``b`babbaaabbaababaaab``ba`bb``abaabaaa`baababbb``baababaabababbabaaa`bbbaaba``aaaaabaabaabaaacabbab`aabaabab`abbabaababba`b`aabbb``b``````a``aba``a`ba`bba```bba```bbabbabaf``
faaaab`aabbbaba`aaa`a``abaababaaaaa`aababaaaabbaaba`bba````ab`aab``bbabaa`baaaabaa``aaaababab`aba`aba`ab``babbababababaaaaba``abaabaaa`b`aa`abababbabbaabaaaab`a`aa`bbaba```bba``abbabbf``
faa`abb`babacabbabbababaaaababbabbabaabbabababacaaba``bbabababbb`aaaab`aaaabaaabaabaabababbabba`aababbaabb`babaababbb`aaabaabaababbbbbaabaaaaba`aabbabbbaaaaabbababb`abaabababbbaa`````e``
faaba`abb`````baaa`bbaba`baa```aabababa`abbab`a`babbaabbabbabababba`aab`baa`ab`babababbababa`aababaaababaab`a`baba``bbababaababaa```aabbaababababaabaabbbaabaabbababbaabababba`abbababbf``
g`bacb``bbbabaababaabc`baba`baba`aabaa`b`aaabaabaaabaaaab`ab``bbababa`babababababbabaa`aa`aabacababba`babbabaa``abba`aabbabaabbaaabaaababbbaaaababaabaa``babab`baba`bba``aa`bbaa`bbababf``
fba``ababababaa``aab``b`abaaabaabbaacaabb`ab`aaba`abbab`ab``ba````baaabbaabaabab``b`baabbaaaaa`abaaa`abaaababbbab`ababaa`abaaa`bcabaaa`aa``aba`baa`a`baabaab`aaab`ba``bababa``abaa`abbaf``
fbbbaabaabbabacbaaaaab`baaaabaabbaaa`aababa`aabbaba``baba`bababbaabbabbaabbabaa`ab`a`aaababbaabaaabbabaab`bbbaabababababaa`aabbaabababaa`bb`baabaababaabaabaaaaaaaaaaaabbb`bbababaaa``bf``
faaabb`a````aa`abaabaabaabbababaaab`b`babbaabababbaba`aabababababababbabb```a`aaabababaa`abaabbaa`baaabaab``abaababaabaabababbaba`aaabaababb`aabaabab`abab`bababbaaaaba``abababbabbaba`e``
f`a`baababbaaaaaba`aaababb`bab``aaababaaa`cabab```bbababaababaabaaa``````abbabababbabababb`abbabab`aaab`aabaaabaabbbabababb`````ababaabababaabbaaaaaabbaa`a`aababababaabaaaba```baabbbag``
faab`aabbabbbbaaabababba``aaabab`babacaaaa`ab``aab``babaababbaaaaabababbababbaaabababbaaabba````babaaaaabaabaa`ba`aba``b``bbbabbaabbbababaaaab``abaa`abaaabbaab``aababbabb`aaaba``a`aaag``
fbaabaaabaababbbabababa`baba``ababaaa`aababaabaabbababaabab``bbaaababbabbababaabab``bbabaaaababbaabbbaabababbab`aba``babaababbbababa```bbaaaacabaaaaba`abbabbaaab`bbaaaabbaaabbabababa`e``
faaaabab``a`````babab``abbabababbaaaabaabaaba`aababba`aaaaaaa`abbaababbaabaa`babaaba```baaaaabbaba`abaabaabaababbabbbaabaa`aaababbabbba``abaa``bbbabaca`abaabaaaab`aaba``aabaabbbabbbabg``
fabbaabbabbabbabaabaacabababbbaa`babbabaabababaababaacaaabaabab`abaab``a```aaabba`ababb`abaababaabaabababa`bbba`bababbaabbaaaa``````ababbabaabaababbaaab``bab`bbabba``babaabaa``bb``ab`g``
faaaba``bababbabaabaa`aba``a`baabaaababaa`a`abbaba`abaaabbabab`aa`b``abababbb``bbbababbbabababababab`bbaaba```baabab`bbababababababbaabbbaababaa`ba`aaabaaa``aabbabbbbabababaaba``aba`af``
eaabaaaa`baba``bab``abababb`bab`b``a`aababaabaab``baabba`baababbbb`abababbabbab``baabaabaababaa```abb``ab`ababababaaaabaaabbabaabbabba```abaaabab``b`babbb`baaaa```aaaaa`aaababcabbabbaf``
faaabaaba```aab```ababaabaabaaabbabbaba``babaabbabaaabaab`babababbabababa`aa`aabb`aa`aa`ba`ab`aababaabbabbbaabbaa``aaa`ba`aababbabaa`abbb`a`aabababbaab`bababbababaaababaa`b`a``bbabbbag``
fbaabaababbbabababababaaaaababaaaaabbaabaabbaa``aabaa`a`baa``bba`ababbaaaaa`bbaabbababaa`baa`baababaaaaba`bababababbabababaa``baa`a`baabbabba`baabaaba`aabbabababaaba`aaabaabaabaaa```af``
faaa`bbbbababbabbbababaaabababababaa`baaaba`baabaabaaaababbab```b`bbaba`babababbabababaababaabaabbaabaaabbabbababbabaab`aabbbaabbbaabab`bbbabb`aabbbbaaba``a``b`ababababaab`ababa`aabaaf``
fbaba`aa`aba`baaabb`a`baaba``babab`aaaabaabbababbabaaabbaabbbaabab`ba`babaabaa`aaababababaabbababbabababaababaa`cbabababbbabab``ababbbab```ababb````aabaababaa`ababbaabababaabaabbababag``
fbaabababaa`aaaa```b`b``abaaaab```abaaaabbaba`aabbaabababba`babaaab``a`b`babbabaa`aaabb`aabaabbabababababababbbb`aabbabbabb``caba`baa`babbaaabaababaaabbabbabbbaaa``babaabababaa`bababae``
fabababa`aaaba`babbaabbaabaaba`ababaababaa```babaaabababa`abaaabaabbababaaaa``abbb`a``aabaababaab`bbababababaaaababbaabbababb`abbabaaa`aababa`aabbabbaaa``bbababaaba`aabb``aaab`baababaf``
fa`babaababaabababaabaababaabaababbababa`aabbababbabaaaaaaaabaabbaabbaabaaaabaababbabb`baca`abaaaaa`abaaaaaaaabbbbabaababa`aabaabbaaabba`bbaab`aabbbaba`bb```abbaabba`aa`baabaabaa`aa`af``
faa`a`abbabbabbbaaababbabababbabaabbbaaaaabababaa`ababababbabaaacaabbbababababaa`babbaaba`bbabaaabaaaabbaaabaa`baa`bbaa`a`baabab`b`baabab`bababab`a``aabaababa``aaababa`baba`bababab`bbf``
fabaaaaaab``bbbba`a`b``bab`aa`abaa``a`abaaababa`baa`aa`aabaabaaa`aa`a`ababbbaab`b`bababbaa`ab`ab`ababaa`bbababbabab`bbbaababaabba`aabaaabba`aabaacaababaaabbabbb``bababababab`b`aaabbaag``
fbbabbaaaaba`````abb`baab`aaab``baabababababa`abababaaabbabb`abaaaaaab``baaababaab`ab`aababbbaa`bbaaba`bbbb`babaaaba`abbbbabaaabaabaabaa`aabbaba``abaaababaababbabaababbababab`aaaba`bae``
fa`abaaba`ababababaabaababbaababaababbbabab``babbababbbaa`babaababbaababaaaaabbbaaba`aab`aaaababababbabbbbcbaabbbbbbbcbbabbbbabababbababb`aabaababaaabbabb`a```abbba````abaaaababba`ba`g``
faaaaabaacaabababbaabaabaabbaabba`babbaabbabbabababababbababbbabaabababbaaaaa```baaabbababaaa`ababababbacbabbcabcbabbabc`bbb`babbababbaabaaa`ba`abaababa``babbba`aabbababa``a`babaababaf``
f`babaa`a`baababaaba`ba``babababbba```aaaababbaabbbabbabbba`abbabaabaabbabbababababbabaaababbbabbabaa`babbbbbabbbabbcaabbaabba``bab``aabaabab`abababab`abbaaababaaaababa`bbabbababaababf``
fbaaabaabbbaa`a`babab`abaaa`aba`bbababaaaa`babaaabbaabababbbaababbabba`babababaabbababaababababbbababbabcabbcbbcabbbbacbaaababbb``babababaabbbaabba```a`aabbaabababbabbbb`ababa``abababf``
f`babaaaababbaab`aabaaaac`baa`ab``babbaabab`babbb``cabbabbbbbabbbaababb`b`aba`baba```bbaabaa`ab`bbacabbbabbabbbbbaababababaabbabba`ab`aa`bbbaabbbabbabbabaabaa`a`ba`````baaabaaab``abb`e``
faababaab``abb`ab`a`baaaaaababaacababbaaaabaaa`babbaababa`aaba`aaba`abab`baababaa`bababbababbabaabaabbaacbbbaabbcbcbbacababa`abbabbababaaab`aa```baaabbab``bbabaaabbbabbaaaa`a`ababa``ag``
fb``ababaabaaababbabbababababbb``abab`aabaabbaaababab`babab```bbaaaba``bbbaaababababaa``a`acaa`aaabababababbbcbb`bbabcababbababb``babbaaaa`abaabaa`aabbabaaa`baaba`bababaaaaabaababbaabf``
fbab`a`aababa`bbababbaaaaaa`babab`ba`aaaaabababa`bbabb`abbbabbaaaaabaaba`bbaaaaaababababababaabbabbbaabababbbacabbbbbbaabababaabaaabababaabaa`bab`baa``bbab`b``aabb```b`abaababaab`baaaf``
fbaabbbaaababa`aa`b``aaabaaa`aaaababbababaaaabbbbbcbabbcbbaccbbbbbbababba`abaaababababababbaaabacabbacabddcccbcddeddeeceabbbbbabbababababababbaabaabaab``aabbabaaababaababababbaa`abbaag``
f`ba`babaa``babaaa`aaababaabaa`babaa`bbaabac`babbcbbcbcabbbbaccbaabbabababaabbaabaababbbbabababaabbbbaa`bbccbddbbcbcbbbbbbabbbbbabb`ba`aabbaabbaabbaaaabbababbabaaaaaba`babaabababa`aabf``
fbbabababbbaabaababbab`ababababaaababaabbaaabbabbbbbcbacbbbbcabbababbabbbabaabbbabbab``bbabbabbacaa`aabaecbcdabcbbcbcccdbabbcabbaabb`bbaabaabababbaabaababa``babaaababbba``aaab`bbbbaaaf``
fb`bba`aaabb`baabababbbaaabbbaabababbabaacbabba`bbcbbcdb`bbcbbbbbabbbbabbbaababaa`aa`ababba`bb`bbabbabbacbcdbdcbddcdccbcababbbbbbabbb`abaaabaaaba`abaaabaa`baabaaaaab``babbaba`a`bbaba`f``
faa```baa``ababababaa`bbabab`abbab``abaababbbbbadbbcbabadbbababbababbabaaaabbababbbbabaa``bb``baabababbbbcbcbcbccbbbbcdcabbbbabbab``abababbab`aaab`aabaabaaaba``aababab`aabbaabab````abf``
eabababbabababab`abb`b`ba`abbb`aaaabaabababaabbbbbbbbbbcbbbbadbbbbb``babbab`abab`aa`babbba`abbaabbabbbabddcbbcccdddcdcbca`babaaaababababa`aa`aaaaabaabaaabbaababbab`aabaabaabbabababb`af``
gaaabaa`bbaaa`a`b```aaa`bba``bba`abababbbbaabababbbacbbabcabbacbb`bbbab``aabba``ababbbbaabbabbababbabbaabdccdccbbcbcccdcbbaabcbb``abaababaabaabb`abababab`aabbabbbaaaabaaaa```aabababbag``
ebabababababbaaaabbbabba`aaabbbbbababa``bbbbabaacabbcabbbbbbabbbaaabaabbababaabbabaabb`bbabbababbbabbbbbbcbccdcccecadcbcabaababbbabaabaa`babaabbaaaababaabaa`aaa`abaababababbabaaababbaf``
fababababa``ababbabbababaabba``aabababbabbbbbbbbdfdeddefbdeddfcbadbbabbbbbaaabbababaaaaababbaabbbbabbabccbdcacbcbbbcccbdbabbacacaabbabaaabaabababba`baa`abbabaaab`aabaa`ababababaaa``abf``
fbaa`aaba`bbaabaaaababbbbaacaacaababbabacaabbbacededefcedacbcbddbbbacbabbabbbababbaabbabbabbabbabbabcabbbbbbcdbcdccbddbcbbabaaabbabababbabb`bab`babbab`bababbba`bbaaabaaba`abbaba`abaa`f``
fa``ba`aaaabaaabab```b``aba`aababb`babaacbbabcbaddebedddeeddededbbbbbcbabababababbbb`baa`bababacabbbabbadbddbbcbccccbdcbbbbbbaabbbabaabbababaaba`abbaabaaa```abbabbab`babaaa``abac`babbe``
fabbaabaabaabaaaaabab`aaabaabaaabaaaa``babbbacbaeddeceddccfcdebcabbacbababababababa`a`abbaa`baa`babbababbcbcccbccdcbdccdbacabab`aabaaaaaab`aaaabaa``babaaababaa`baabbaabaaabbb``a`baabag``
f`aaaabababa`b`aaaaabbbbb``ababbabba`babababbbbbecededceebbcccddbabbaacaaabbaaba``bbababbbacabbabbbbbabaddbbbcdbcbbbbcabbbababbba`baaa`b`bababaaababa`aaabaaaaababa`abaa`aaababb`ababaaf``
gababaabba`aabbaaabbabbabbbaba``b`aabababcbbbbbaeeedeeddeddddddeaaa`cbbabaaaba`aba`bbababababbbabbbabbcacbdbbccadbcddcdcbbbbcbbbaababbaaa`aabababbabbabbabbaabaa`a`b`aababaababaabaa`aaf``
fbbabba`babaaaababba`````acabaab`abbabbacacbcabbedecdeddbedecdcdacbcabbbbaaabbbaabbaabababab`bbbbbabbaabbbccbdcbcddcbacbbbcbcbbcababbabababab`aaaba``abaa`ababaababababababaaaabbababa`f``
fabb``bbabbababab`aabaabbaabbaabbaababbabbbabcabededfccfdbecbeddbbaabbbbbababbabbaababbabbaba``adabbabbbdbccdacbccacccddabbbabbabbabababbabaabbab``bbaababa`aaababbaab`abababa`abaababag``
fa``aaa`a`ababaaaaaaabbaaaaa`babbababbbabcacbbbadecfdeeecccdfcceaabbbabbbbaa`babbbbabbacaabbbababbbbabcabbabababbbabbbbbaa`bbbabbaa``bababaa`baa`ababababababaababaaaaba`ba``bb`aaababag``
gaababaabaa`ab`aaaabaabbaa`aa`abababaa`ababcabbbedfcddedeeedeecebbbabbba`abbb`ababbac```bbabcacbabbbaabbcacbabcababbaab`bba```aabbbbabbababbaaabbababa```abbbaaaa`a`ababb`abbabaababa`be``
eaababaa`bbaa`babbaabaabcabaabaaaaaabbbabcbbbabbeddeedecddfcdedeacbabcbbbababbaabababbabaabaabbbbbbbbabbacbacaabbbbcbbbbbabbcaaa```bbababaaabababaabbabbaaa`abaaaabb`ba`bababa`ab`aa`b`f``
gaaaabbababbababababaa```abbabbababa``aacabbcbaafedeeecfebcceccdabcbbbbbaaababbabbabbabbababbc`aabcabaaabbbbacbabbbabbbbbabbbbbabbabab```a`aaabababa`abababb``abababbaababa`aabaab`bbabf``
fbabaababb``bbaba`babababaabbbaabb`aabababbbacbbddefddeeedfdfddfabbababbbba`abbaa`a``babbbbaaaaaaa`aacababbbabbbbbbbabbba`babbababababbababaabaaaabaaa`baaaabababaa`ababa`aabaababaabaag``
fbb`aba``bab`abbaa``ababab``aabaaabbabbabbababbbddfddfedcfddcddeabbcabababbbabcaacaabababbabbabbbbcbbbb`babbbbbbbabbcbbbbbabbbbbabaababbbaababaa`a``bababbabababaabaa``abaacaabaababaaae``
f`baa``baaaaba``babba`babbbaabbaabbabbaacacabbbafdcfeddddcbeebddbbbbbbbaababaa`ababbbbabbbabbabab`baabbbbbaacbbacbbbabbaacabaabababa```bababb`aabaabaabaa`aababab`aaabb`baaaababa`abaaag``
fbababbabbaababb`aaabb`ab``ba``ab`bababbbbacbabbeeeddedfedfddddfbbabbabbbabac`baaabbbbb`babbabbabbacabbababbacabbabbcbacbbaabbababababaabaa`abbbababbabaabab`bba`aaaabbaababa`a`ab``aaaf``
faa`abbabbaab`bababababaabababb`baabababacababbabbbbbbcabbcacbbb`aa`bbabaaaaabbbaabb`baaaabaacbabbbbbabbbbbcacbcabbcabaaabbabaabbabbabbabbabaabababaaaaa`ba`a``bbbaaba`baaaa`abb`babaaag``
gababa`b``aa`a`aabab`abab`bbababbabababaabababaababbbabbabacacabbbabbbabbbbb`bbbaba`bababbacabbacbb`bbbacababbbabc`aabbaa`bababa```bbaaa``bbaa`ababaababababbab`abbbbab`b`aabaaabbabaaaf``
fa`ab`b`cabababaaabaaabbaaabb`baaaba`a``aaabbababcacbbbcbbdabbcabbbbabbbaababaabaaababbababbbbababbbbbbbbbbbbabbabbbbbbbbbaa`aababa`bababa`aabab`babb``baabbabab`b`aaaabaaababaaaabaabaf``
f`babaab`abababab``aba``ab```aabbab`b`bbbabaabbbacaabbbbbabcabbbabbbababaaabababbbbbb`cbababbbbbababcabbaabbacaabbbbaabbababbbaabbabacaababaababb```aba`bbabaabba`aaaabababababababababf``
fbab`aabbbaaabaabbaaaabbaabbab``bbbaabbbbac`babbbbbcbabbdbabbadbbabbbbbabb``bababbbabaaacabababcbbaaccabbabacacbbabbcabcabbbabbaaabbabababaabaabbabaaabbaaa`a``babbaaaba`aababaa`aa`baaf``
ebaabbaababaaabbaaaabaabbbaabbba```aabaabaabab`bacbabbababbbbbbbaabbabab`bbbbab``bbabaaababb`bb`babbabcababbabbbbababba`babbababbbabbababababaa``ababaaaba`bababbbabbababaab``a`baaaabaf``
gaaacab```bbaaa``ababa``abababbbbabbaabbaaabababababcabbbbbcbbbababaababaaba`b`abaabbabbbbabbabbbbbabcabbabbbbaabacbababbbabbabbababababbaabbabbbabbabbbaababba```a``a``ab`babaaabaab`bf``
fbb```aaba```aaabababbabaabab`abaababaaababbabbabbccbbbacbbbacbcbaabbaabababbbbababaabcaabbbabbabbbab`abbcabbbbbbabbcabaabbbaabbabbababb``baaaaaab``aababbaababbbaabaabbabb`abbbabbabaag``
fbabaaaabbabaaaabaa```aaba```aa`bbabb`a`bbabbbaabaa`aabaaabab`aaaaababbaabbabbbabaabbbaabababbcbdbdbbccbcbecbbbbbbabbbdcbcabbbbbabab`a`aaaaabaabaabbaaababba`a`babaabbabaabbbabab`ababae``
fb``babbaabbababba`bbababbabbaaba`baabab`aabaabbbbabbababaabacbaabaabbabbaabbabbbababbbbcbabbcacbbbcbbbcdcbcbddbbccbbbcca`abbbbbaabaabbaabaa`ababbaabaa````abaa`babababba```bb``baaaaaag``
e`babababa`abbbaabaababababababaababa`abababaaababaabbbba`b`aabbbababbababbaababbaba`bbbabbbbbbbacbbbbcacbbbbbbccccbecbcabbabbbaba`aabbabaaababa`ababaabbabaaaaba`babaabbaba``ba`abaaa`f``
gaaabbaba`ba`abababaabaa``aaabbabaa`bbabababaab`babbbabababba`babbaba`a`bbb`aba`cbabbaabbbbbcbabbbbcbbbabbccbbcbcbbbacbcbbbbbbbabababaabbbbbababb`baaaabbab`abaabaabab```babbababaabbaaf``
fbaab`a`aab`ba``aaababbabbabaaaa``ababbabba`bbabbaaaaabbab`abbbbaababbab`a`ab``b`babbaabbacacabbbbbaceccbcdbbccdacdccbbcbbbabcabbbabababbabbbabaababaabaaabbbaaabaaaa`abaababbbabbababbf``
fbaabaaaaabbaabbaaaaba`abaa`aaa`babbabababbb``aabaabaa`abababa``baba`abacaabacababbabbabbcbbabbbacbbbbcacdbbdccacdabbbacbbabbabaabbabac``babbababbab`baaa`ababab`aaabaabb`aba`ab``a``aag``
g`aaaabababbbabbba`aa`b`ababaaabbaaaaaaa```abbaaabababbabbabababbaabbabbbabaabbabababbababbcaabbdcbdabbbcbcbcacdbbbccdcbabbbbbbbabbbababa``a`aa`bababababaa`bbabababaabbaba``b`aabaabaaf``
eaabaababab``b```abaaababbababbabbababa`bbababab`baababababbabbaabbaaabb`abababbbabbaabaabbbbaabbbcbcbbccbbcbcbabcccbcbcbbbbbacbaabbbababbaaaaab```bbaabbbab`aabbaaabaabaabbbabaaabbbb`g``
fab``aabaabab`aababbbabab``baaba`aaa`ababbaba`bbaabaaab`aaababababaaab`abbbabababbbbabbbcabbcddcfddffdfekmljnkkmmnjmmkkldecdbedfabbabbbbaababaababa`abaa`baabaab`abaaaaa`aababbaababaabe``
gaabbaabaabaababbab`baabaaaababababbb`bbbbbaab`bb`babaaba`a``aabaaa`abaa`babaababbbabbbbbecbcccbeffedffdkijkihkjijijkilkbccdcbbbbabbbcbbababbbababbabababaabaaa`aa`aabaaaa``babbbaa``aaf``
fabbaaa`babbaabbabba`aaa`baba``aba``baaaa`aabba`abbabaaabbabbba``babbabbbaaaabaaabbbbabbdcbcbcbceeeeeedemilkkknkmlklklkjdbdcdedebbbababbbababaababaab```babbaaabaaba`bbaabab````abaabbaf``
fa`aabba````baba```abaabababaabababbbb`a`ba``acaabaa`baabababbababbaababbabbababb`abababacbbacbbeeeefgdeljmikglhmhjiljkjcdcdccbbbbabbbbbbababbbababaabbaba``baabababab`babbababba`aababf``
gaaaabababab`a`abbabb`abababaabaaabba`abababbaabaaaababaabababbbbabbabaa`bbacaaaacababaacbbcdccefedefdedkkkkkknjmjmmhljmcdcdccdfababbbbbbabababbabababbbaababaabaabbbaababbabbabababaa`f``
faababaabbaabaaaaabbababaababaabaaa`aaabaabaaba`babaabaabaaba`baaabababbababbbbabbaabbacbdccccbbfeffdefekljjihmgkjljlikkbcbcdccbacbabbaabaaabbabbabab`bab`ba`babaa``babaa`aabaaa`abb``bf``
faaba`abababbabaabab``b`bba``aaaaababbbabbacbaaaabaaababaaaa`b`a`bbabaaabbabababbabbaabbdbcbbbbbeedfegcelkhnljlmjkkiljnlcdeccdddabbbbbbbaac`aaa``bab`b`ababbabaababbaa`a`baa``aaabaabbaf``
fbababa`baa``abaaab`abab``babaaaaabaabbaa`a`abbaaabababaaaaaabababab``ab`b`b`bbabbbacacabcbadcbbffededeelkjjjikkikmjkhmicbccdbcdbabbbbababaabaabb```aaba`ababaababbbabbaabaabababaa`aabe``
fb``baab``abababb``abababa`abaabb`aababaaaaa``aaaaaaababaaababbab```abbacab`aaabbacabbabgfifhfhgyyyyyyyyyyyyyyyyyyyyyyyymnmmlmlnababbcbba`aabbababbbabbbbaaababb```ba`abaabbababababbaag``
fbaab`bbaaabaa`bbbbababaaabbababaaaa`b``abaabababba`baa`aababbababbbabaaabacaabbcbcbcbbbfffegdfdyyyyyyyyyyyyyyyyyyyyyyyyljjlkjkkcbbbbbbbbbbbbbababbbababbaba`b`aaba`bbaabaa`bab`aabababf``
f`ab`aaabaababb```bba`aaabaabbbabbb`b`bababababbabbaba`bbababba`bbabababaababbabbbbabbbaghgfhghgyyyyyyyyyyyyyyyyyyyyyyyyllllljmlabbbbabbbba`aabbb``aaba``a`ab`aaaabb`aaaabbbababaaaaba`e``
fababbabababa`baba`babaaabba```abbabab`ababbaaaababaabbaababa``abaababbabbbabbbabbbacbbbfdfdhdffyyyyyyyyyyyyyyyyyyyyyyyymjknjmkkabbcccbcababaaaabaababaaaaabacababbbabbaa``aaaaaaaa``aaf``
faaa``b`bbaaaaaaabb``babb``babb`a``babbaaa`aabb``b`aa`abbbb``bababababbaababbabbbabcbbcahghfgfieyyyyyyyyyyyyyyyyyyyyyyyyjmkljknmabdbbbbbabbababbaaabababababa`abaa``aaaaaab`a`baacabbbaf``
fbbabbba``aabbbabababaaabba`abbbaba`abababaaa`aba`bbabaab``ababaa`aababbabba`b``cabcbbabfeffheegyyyyyyyyyyyyyyyyyyyyyyyykljmjmjjcbbbcbacbbababaa`baba`aabbbbababaabbaabaaabbab`ba`bbabbg``
fbabab`abb`abaaaaabaaabababbab`aacbaaababaaaabaaaaaaabab`abababbbbaaba``bbbab`abbbbbcabbheggegheyyyyyyyyyyyyyyyyyyyyyyyyjlkmjminabcabbbbbabcabbbbabb`bab``baaa`bbababbabbaabbbaaba````bf``
faababbb`abaaaababaabab```babaaaa`aaabaa`ababbababababb`bbabababbabaaaaaabaabbbacbbbbbbbfffhfffgyyyyyyyyyyyyyyyyyyyyyyyynllkjnjmababbbbca`bbbabababababaab``aabaabba`ababababbbaaababa`e``
faa`a`abbbabaa`b```a`b`abaab`abababaaa`bbabaabbababaa`aaabababa``bbaaaabaaababbbbcccbbcbomoolonmyyyyyyyyyyyyyyyyyyyyyyyynkpknlolbbbcbcbbab`abbbababa`bababaababaa`aababaca````aa`babbabf``
eaac`ba`aabaaaababbac`ababb`b`abbaabaaa`abaaa`bbbaaaabaa`baab``ba`baabbabacaabaabcbbbabbojmlnkkmyyyyyyyyyyyyyyyyyyyyyyyylkojpolmbbacbadbbaab``bbaba`bab`abaabaabaaaaba```abbbab`bababbaf``
fbabbaababababaabbaaabbaabbbaba`abbababbabba`b``abababbbbaba`abaababbaababbbbaabcbbcbbcbojnnlnonyyyyyyyyyyyyyyyyyyyyyyyyolomolmpbbccbbbcabaabb`baaababaababaabbaabba`bbab`a`aaabbaa``abf``
fbaa`abab`aa`aaaababaabab```bbaaa`aaababb``bababa`a`aababbababbabbabaabab`baabbacabcbcbaolnmklljyyyyyyyyyyyyyyyyyyyyyyyynmnknlnkbbaabbacababababaa`ababbababa`aaababa`babbabbababaababag``
fba`bababaa`abaabaaa`a``aabaabaabba`baababa`abbabaabaa`aaba`ababababaabbababababbbcbbbbaojmmmomoyyyyyyyyyyyyyyyyyyyyyyyymmnomnlpacbcacbb`babbababbbaabaabaabaaa`babaaa`abbabbaaaababba`e``
fababa``aaabbaab``baabbbaaaba`aabaab`ab`ababa``bbbbbaaba``aaabbab`ababaabbaababababcacccokommmknyyyyyyyyyyyyyyyyyyyyyyyylnlmnmlnccccbbbbbbababba`aabaabaaa`babaaba``baba``ba`baba`aaabbf``
ga`ababbbbababa`ab`abababababbabababab`aa`cabba`a`bbbababbabab```aaaba`babbababbccbaccbaollkoknlyyyyyyyyyyyyyyyyyyyyyyyynmnlkollabbbcbcbabbbaababbaabaaaabaaabbab`baaabbbb``ababaaaab`af``
faaabababababbabababaabbababbaba`aabababaa`bbabbaa``baaabbbab`ababbabaaaaabaaababbcbbbbaojomlnmmyyyyyyyyyyyyyyyyyyyyyyyylomnlokpbbbbbbbcabababaaaaaabaabaaaab`bbababaaabbbaba``aaaba`aaf``
faaa`baaaa`a``bbaabab````ba`a``bba`babaabbb`ababaaba``abaabababaabac`aaabababb`abbbbbabaeedeededxwwxyyyywvwvwvvwjojojojobbbcbcbbaabbbbabaaaaabbbbbaab`abaabaab``ababaaba`abbababaaababag``
ebaab`a`a`babb`bab`baabab``baabaabb```abaabbab``aabababababa`aabba``babbbaabbbabcbbbabbbfeeedefdxwwvvwvwususuvtujojojojnbcdddeceabbabbabaabaaaab`abbbabbaabababbabaab```b``abbbabbaabbaf``
f`babbababaabab``baaaababbabbabba`ababab`ba`a`ababababa`b`aaababbbbababababa`abababbbabbefeeeefdwwwxvvuuuwuvttuvjmlkkkjmcebbcddebabcabbbaabaaaaaaaba`aa`babaab`ab`ababababab`bbababbaaag``
gbaababbababababb`aaaababaaa`bbabaaabba`aa`b`babaaabbbab`aababa`abaaabaaaabbaaabcabcabbafeefeeeexwvvwvvwutuvuvtvjmlmmkmlcdedcbbcaaa`bbcbaabbabbaba`aababaabbb`ba`babbabaabb`a````aaa``ae``
fbbaba`aaab``a``ababbaba``bab`a``aababbbababababaabaaaababa`abaaaaab`babaabbabaabbabcbabeeeeegedxwwwvvwwuvuuutvvjnmjlnmmabcecedeabbbbbabbaa`baaba`babaaaba`a`aaabaa``aabbaaababbaaa`bbaf``
e`baabab`abab`bababaaba`ab`baaaababba``baababababa``aaabbbabbababaabaaaaaa`abababbabbbacdfeefcdewvuwvwwuvutuvuuvjmkmlkkkddcbddbcbabcbbbabbbbababbbbababbabaaaaabababaaaabaaabbabababaabf``
fb`a``aabaaaabbaabbaa`aaaabaacababaaaaa`ababab`acabaaba`aababaabbababbaababa`baabcbabbcbeeedeefexwwwvwwwstuusuvuknkjlnmleccddcedacaa`bababababb`abaabaaabaabbbaabbbacaab``ababbbabaabbag``
gaababaaaababaaba``b`bbaaabba`abaaaababaabb`aab``abb`bbababbbb``bbabbabababababbabbbbbbbeegeefedwwwwwxwwuvwusutuknlkminkbcdddccbbacbbaababaabbbaa`bbabaaaaabababa``aabaaabaa````abba`bae``
e`babbaaba`bbaabbab`aabbaababaabaa`aaaabaa`aa`abaa`bbaaab```aabb``aaabbabababbabaaababb`bbabbabba```````a``acbbaaabbbabbbaababbcaba`babababbbabbbaabaaaababa`aba`baaaaaaabbbabbaaabab``f``
faababaabaab`b``babbaa`bba```aa`aababbacabbabaaaaba`aabaacaab`a`bbabbaaabababbabbabababbbabbabbccbcbccbcacccbbbcbcbbcbacbababbbabbabbbbaa```ab``bba`a`aaaabaaa`babab`aabababbabba```babf``
gaba``bbbaaab`ab`aabb`babaabbabababaaba`b`aabababaabbaa`a`ababbaabb``ab`ababbababababbaabcabbbbacbcbdcbdbcccacbcbbbabdababba`bbab``bababbabb``babaababbabaabaabaaabbababba``ab`bbbbababf``
fabaaa```babaaaabb``bbaaaabbabbababaabaa`babaabbaaaabaab`babaacababbbaabbab``abaabbab`babaccbbbbbccdbcbbdbbbdcbdbabbbbabbbacbbbbabbbabbabbabababaaaabababaaababbaa`aaaa``abaa`a``aabbabf``
gb``ababb`abaabaaabbabaaaabbaababababaaabaabbabaaaaaababbabaaa`baa`aab`baabbba`baabaabaabbaabbacccbccbbcbbbcbccbabbbbbcbbbcbbbabbababaca`bbbaabababaababbaa`aabab`bababaaaaacababaaab``g``
fbbabbabbaa`baabaa`ca``aba``a``aa``aaababaaa```aaabaa`abababaaa``ababbaaaa``bab`bbabbabbbbabbcabcbccbbcbbcccbccbcbabbbcabcaabbcabacababbb`ababaab`aaabaa``baababbababbabbabbabbabbaa`bae``
ea`abababbabaabaaaa`aaababab`bb`aabaaa`bacaababaabaabaabaa`b`babbabbabbbaabbababbbabababbacababacacbcbdcdcadbcbcbcbbcbbca`babaabbaabaa`abaa`abbaaabaaa`baabbaaa``abbaabbbaab``aa`bbaaaaf``
f`baba`a``ababab`baabaababaabaabbababbb```babbbababbaaaa`aaaababbabaa`ababbababbbbaabbabbbbcacabbdbbbdbcbcbbcacbcbcbbccbacccabbabaaabbaaababbaba`babababababaaaabaa`aa```b``ab`aa``aabag``
gbab`baaabababb`ababababa`aabaabaabbabbabb```babbaa`bbababaaababaaaa`baaaabbaaaabbbbababbabab`bab`abbaba`abaabab`aaba`aabb`aabbaabaabababbbbaaaabababababbaababaabaaaabababbabbabbbaabag``
faaba`ababaa```aaaabbababbaabb`babaa```acabbab``aabb`babbababbaaaa`abaaababaa`a``babbaba`babacaabbbbaaa`bbababaababababa``abaa`ca`ab``aba`aabba`bab`aaababa``abaabaaababaaaababababaabae``
faaabbaba`babbababa`aaba`ababac````babb``b`abaaaa``baabbaabbbabaaab`babaabababbab`a`aabbbb`aabababaaabbbababaaababcbacbababaaababababbaabbb``babbaabaaab`baba`baaabababbaabab`bba`bbba`f``
faababaaba``babbab`baa``babbabaabbbaa`abb`a`bababbb`c`abba``````bbabababa``aabaabaabab``aaababaabbbabbbabbabbbabaaa`baabababaab`aababbbababababbababaa``a`babababababaa``ab`aa```b`aaabg``
gab`babaababab`baaabababba``b`abbbabbababbabaabbaabaab````bbabba`abababbbbba`abbacaaaabababab``aabab`babaabbacabaabbb`cabbaaababababa`ba`aabab``bababababa`abbaaabaaab`abaaaaabababa`aaf``
fb`b`b`aaabbaaa``aababbabababa``a`bbbbaa`abbaababaabbabbabaabbabbbababaa`aaabbbababbaaaababbacabb`bbbaabbababababaacaaaababbaabababbab`bb``abbaba`aababaabbabaaba`aab`aabababbababbababf``
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Figure 2. (a) A Sloan i′ image SDSS0924+0219 taken in 0.′′5 seeing
with the 6.5-m Baade telescope. Images A and B are separated by
1.′′82. (b) A higher contrast image, with the three brightest compo-
nents subtracted. A fourth image D is visible close to the position D′
predicted using the positions for images A, B, C and that of the lensing
galaxy G. Image A is a minimum while D′ is a saddle-point.
Understandable though it might have been, Witt et al. were mistaken in
thinking that a galaxy comprised entirely of stars would maximize micro-lensing
fluctuations. Deguchi and Watson (1987) and Seitz, Schneider and Wambsganss
(1994) had shown that for the case of zero shear, increasing the optical depth to
micro-lensing beyond a certain point decreased the rms amplitude of the micro-
lensing fluctuations. More recently, Schechter and Wambsganss (2002) have
shown that for systems like MG0414, micro-lensing fluctuations are enhanced
by keeping the surface mass density constant but substituting smooth (and pre-
sumably) dark matter for some (but not all) of the stellar micro-lenses. A case
as extreme as that of SDSS0924 is no longer impossible.
This counterintuitive result may be explained by a two part argument.
First, at high magnification, a screen of micro-lenses produces a large num-
ber of extra positive parity micro-images (Paczyn´ski 1986; Wambsganss, Witt
and Schneider 1993; Granot, Schechter and Wambsganss 2003). Negative par-
ity micro-images can (and mostly do) have magnifications less than unity, but
positive parity micro-images must have unit magnification or greater. As the
number of positive parity micro-images grows large, the fluctuations drop as the
square root of the number. On the other hand, at very low optical depth, fluc-
tuations are rare and the rms must be small. One might reasonably expect the
fluctuations to be largest when the number of extra positive parity micro-images
is of order unity.
Paczyn´ski (1986) has shown that for a random distribution of micro-lenses
with convergence κ∗, immersed in a smooth mass sheet with convergence κc and
4 Schechter
Figure 3. Magnification probability distribution for a minimum (left)
with (κtot, γ) = (0.475, 0.425) and a saddle-point (right) with (κtot, γ) =
(0.525, 0.575), both with magnification µ ≈ 10. The total convergence,
κtot, remains constant for each column. The smoothly distributed mat-
ter increases from top to bottom, with fractional contributions of 0%,
75%, 85%, 95% and 98%, respectively. The three vertical lines indi-
cate the following: short-dashed: ∆m = 0 mag (theoretically expected
macro-magnification, µ ≈ 10); dotted: 〈∆m〉 (average magnification
in magnitudes); long-dashed: µabs = 1.0 (absolute magnification unity,
i.e. unlensed case).
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under the influence of an external shear γ, there is an equivalent configuration
with no smooth component, but with effective convergence κeff∗ = κ∗/(1 − κc)
and effective shear γeff = γ/(1−κc), subject to the condition that magnifications
computed in the effective model, µeff , must be multiplied by (1 − κc)
−2. By
adjusting the relative contributions of κ∗ and κc to the value of κtot determined
by the smooth lens model, one changes the number of extra positive parity
micro-images.
Schechter and Wambsganss found (figure 3) that for values of κtot and γ
typical of PG1115-like systems, a dark matter fraction of 50-90% of the surface
density maximizes the micro-lensing fluctuations. They argue that such a dark
matter fraction is consistent with the mass to light ratios observed for elliptical
galaxies.
They also found that diluting a 100% grainy surface density with a smooth
component affected positive and negative parity macro-images differently. In the
case of positive parity macro-images (minima of the light travel time), substi-
tuting a smooth dark component introduces a lower limit on the combined flux
of the micro-images,2 eventually narrowing the magnification distribution. By
contrast negative parity macro-images (saddle-points of the light travel time)
are quite vulnerable to demagnification by micro-lensing. A high magnifica-
tion saddle-point is easily split into two low-magnification micro-saddles (Chang
and Refsdal 1979; Schechter and Wambsganss 2002). The net result is that for
pairs of bright macro-images in PG1115-like systems, the saddle-point is almost
always fainter than the than the associated minimum.
In systems like PG1115, each image in the bright pair has a magnification of
order 10. At the positions of the images, the shear γ and the total convergence
and shear κtot, are determined by the smooth lens model and are both roughly
0.5. But the relative contributions of stars, κ∗ and dark matter, κc to the total
convergence are unknown. Were the mass all in stars, the number of extra
positive parity micro-images would be of order 3. If 80% of the convergence
were in a smooth component, the effective magnification would be roughly 3
and the number of extra positive parity images would be of order unity.
In all of the above mentioned systems (save the case of HS0810, where
the parities of the images are ambiguous) the saddle-points are fainter than
predicted in the smooth models. The minimum/saddle-point asymmetry had
been earlier noted in the theoretical work of Metcalf and Madau (2001), who
saw differences in their cumulative magnification distributions for their saddle-
points and minima, and in Witt et al. (1995) in their treatment of MG0414.
The foregoing considerations point to what would appear to a neat method
for measuring the relative contributions of grainy and smooth matter to the
surface mass density of lensing galaxies. One would assemble a “fair” sample
of quadruple systems, model them using image positions (but not fluxes) as
constraints, and adjust the ratio of grainy to smooth matter so as to match the
observed distribution of flux residuals.
2a consequence of the requirement that there be at least one positive parity image, and that the
minimum magnification for a positive parity image is (1− κc)
−2
6 Schechter
3. Milli-lensing!
Astrophysics is cursed with a surfeit of explanations. In the present case there
is second possible source of graininess. N-body simulations of the hierarchical
clustering of cold dark matter produce large numbers of “mini-halos” within the
halos of typical galaxies (Moore et al. 1999; Klypin et al. 1999). These can be
reconciled with the much smaller numbers of dwarf satellites only if a mechanism
is invoked to prevent the baryonic matter from forming stars in these mini-halos.
But the mini-halos (which produce deflections of order a milliarcsecond) might
still be expected to cause milli-lensing of background QSOs.
How then, might one distinguish between milli- and micro-lensing? Kochanek
and Dalal (2003), following Koopmans and de Bruyn (2000), argue that quasar
radio source sizes are expected to be larger than the Einstein rings of stars, ruling
out micro-lensing as the source of radio flux ratio anomalies. The lensed system
B1555+375 (Marlow et al. 1999) is a radio analog of PG1115, whose bright
components have a flux ratio of 0.57. Kochanek and Dalal analyze a sample of
radio quads and find that the brighter of the two saddle-points is significantly
fainter than the model predictions.
Dalal and Kochanek (2002) argue that roughly 2% of the projected mass
density (with a factor of three uncertainty) must be in the form of mini-halos.
Evans and Witt (2002) argued that multipoles of higher order than quadrupole
might produce similar results, but Kochanek and Dalal argue that these would
require galaxies far more misshapen than the observed lenses.
4. Micro- and Milli-lensing!
While micro-lensing cannot explain the radio anomalies, milli-lensing can explain
the optical anomalies. Is there the any need for micro-lensing?
Two separate lines of argument suggest that micro-lensing is also important.
First, the broad emission line regions of quasars are thought to be larger than the
Einstein rings of micro-lenses (e.g. Moustakas and Metcalf, 2002). An absence of
broad emission line anomalies would argue for micro-lensing. Indeed differences
between emission-line and continuum flux ratios in several systems (Wisotzki
et al. 1993; Schechter et al. 1998; Burud et al. 2002). Second, micro-lensing
produces uncorrelated variations in multiple images. These have been seen,
most famously in Huchra’s lens, B2237+0305 (Woz´niak et al. 2000) but also in
HE1104-1805 (Schechter et al. 2003) and B0957+561 (Schild 1996; Refsdal et
al. 2000), and with less coverage, in B1600+434 (Burud et al. 2001) and several
other systems. The timescale for milli-lensing variations would be thousands of
years. Thus it seems that both micro- and milli-lensing are at work.
How much of the discrepancy between the observed optical fluxes and the
models is due to micro-lensing and how much is due to milli-lensing? Ideally
one would observe lenses in both the radio and optical and compare flux ra-
tios. The difference between the two would be attributable to micro-lensing.
Unfortunately 90% of quasars are radio quiet. But with the advent of integral
field units (and with judicious use of HST) one can imagine obtaining broad
emission line flux ratios for a large sample of quads. We may therefore soon
know whether micro- or milli-lensing is the major contributor to the observed
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anomalies. When we do we will have measures of the relative contributions of
smooth and clumpy dark matter to the mass budget of galaxies.
Acknowledgments. I am indebted to my colleagues Scott Burles, Jonathan
Granot, Naohisa Inada, JoachimWambsganss and Lutz Wisotzki, without whose
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